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In this thesis, we introduce a totally new method which constructs integral
points of elliptic curves. The main idea is that results on the theory of excep-
tional sets of linear type generalizations of strong Goldbach conjecture show
the existence of integral points of certain elliptic curves, which are called cubic
twists.
We first show that the size of exceptional sets of linear type generaliza-
tions of strong Goldbach conjecture is relatively small by generalizing previous
works. We also explain why this result can be used for constructing integral
points of elliptic curves. After that we give two applications about the theory of
elliptic curves. One is that there are infinitely many sums of two rational cubes
which have arbitrary number of prime divisors. The other is that under the
parity conjecture, there are infinitely many elliptic curves whose Mordell–Weil
groups are exactly Z× Z.
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In number theory, one of the main problem is to find rational solutions of Dio-
phantine equations. For Diophantine equations which define algebraic curves,
there is an invariant which is called a genus. It plays an important role in the
theory of Diophantine geometry; When the genus is zero, the corresponding
algebraic curve is essentially the projective line P1, thus the problem is rela-
tively easy. The famous theorem of Falting shows that when a genus of a curve
is 2 or more, then the number of rational points of the curve is finite. For the
last case, when the genus is one, the curve is an elliptic curve or its twist. The
elliptic curve is one of the main objects of this dissertation.
On the other side, there are also important problems in additive number
theory. Goldbach conjecture and Waring problems are famous examples in
this theory. Hardy, Littlewood, and Vinogradov established and developed the
circle method to attack these conjectures. In Chapter 2, we will give a brief
introduction to a circle method and an elliptic curve.
The main theme of this dissertation is generating rational points of elliptic
curve, by using an analytic circle method. First, we show that an exceptional
set of certain linear type generalizations of Goldbach conjecture is small in
Chapter 3. The main theorem in Chapter 3 shows the existence of non-trivial
integral points of a family of elliptic curves. This phenomenon has applications
1
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in the arithmetic of elliptic curves. In this dissertation, we give two examples.
In Chapter 4, we will show that there are infinitely many integers which are
sum of two rational cubes, and have many prime divisors. In Chapter 5, under
the parity conjecture, we construct elliptic curves whose rational points form
an abelian group Z× Z.
All results in this dessertation are already published. The results in Chapter




In this section, we introduce history, basic settings, and ideas of Hardy–Littlewood
circle method. The literatures [Vau, Chapter 1, 2], [Hel, Introduction] handle
these topics. The circle method was invented to estimate the number of inte-
ger, or prime solutions of given equations. For example, Waring asserted that
an equation
n = mk1 +m
k
2 + · · ·+mks , mi ∈ N
always has a solution where s is greater than some number s(k), depends only
on k. In other words, he believed that for arbitrary natural number k there
exists an s such that every natural number n can be represented by a sum of
at most s k-th power of natural numbers.
Another example is Goldbach conjecture, which claims that equations
2n = p1 + p2, 2m+ 1 = q1 + q2 + q3
have solution in the set of primes for all natural number n,m ≥ 3.
The exponential sum is useful tool to study such problems for the rep-
resentation of numbers. Let A = (an) be a strictly increasing sequence of
3





zam , |z| < 1.
Then, the n-th coefficient of s-the power of F (z) is the number of representation
of n as a sum of s-elements in A. For large n, by Cauchy’s integral formula we






where C is a non-trivial circle centered at 0 of radius less than 1. This is an
idea of Hardy and Littlewood. Later Vinogradov introduced some refinements.




1 if x = 0,
0 if x 6= 0.





is the number of solutions m,n ∈ A(X) satisfying g(m,n) = 0. Hence to find
the number of zeros of the equation g, it is enough to evaluate the integral of
exponential sums.
The idea for the evaluation of such integrals is dividing an interval [0, 1]
into two parts - the major arc, and the minor arc. Let X be a large number,













2.1. CIRCLE METHOD 5
and m ⊂ [0, 1] be the minor arc defined by
m = [0, 1] \M.
In other words, the major arc is a set of elements which are close to the rational










The advantage of this approach is followed by Dirichlet’s approximation theo-
rem.
Theorem 2.1 (Dirichlet). Let α be a real number. Then, for each N ≥ 1 there
exists a rational number a
q






For any real nubmer α and N = X
P





. Therefore if α is in a minor arc, then q is greater than P . It gives the upper
bound of the minor arc part in (2.2) in the two examples which are dealt at
the start of this chapter, by the terms of X and q. On the other hand, the












When the case is sufficiently nice, we can calculate these terms since α is close
to the rational numbers.
We did not prove anything in this chapter, but this strategy gives results
on both problems - Waring problem and Goldbach’s conjecture. In [Vau, Ch-
pater 2] one can find the proof of s(k) < 2k + 1, following the story of this
chapter. In [BKW00] the authors gave the bound of the exceptional set of
Goldbach’s conjecture. We will talk about the exceptional set of certain linear
type generalization of Goldbach’s conjecture in Chapter 3.
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2.2 Elliptic curves
The goal of this section is to introduce basic properties of elliptic curves, Birch
and Swinnerton-Dyer conjecture, and the parity conjecture. All results in this
section are not original; they are treated in numerous literatures, like [Sil09],
[Sil94], [Cas65], and [Kob]. For the proof of theorems in this section, we will
give a precise reference.
Definition. A projective algebraic curve of genus 1 with a distinguished ra-
tional point is called an elliptic curve.
Let us denote an elliptic curve by E, and its base field by K. As in [Har,
Proposition IV.4.6], every elliptic curve can be embeded in P2 with a projective
equation
Y 2Z + a1XY Z + a3Y Z




where ai ∈ K for all i. There is at least one rational point [0, 1, 0]. When one
takes an affine equation, it is replaced by




This equation is called a Weierstrass equation, and defined over K if all coef-
ficient ai is in the field K. When the characteristic of base field K is not 2 or
3, we can simplify this equation by some change of variables, yielding
y2 = x3 + ax+ b, for a, b ∈ K.
We define the discriminant and the j-invariant of this equation, denoted by




Proposition 2.2. A curve given by a Weierstrass equation y2 = x3 + ax + b
is an elliptic curve if and only if ∆E 6= 0. Two elliptic curves defined by
Weierstrass equations are isomorphic if and only if their j-invariants are same.
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Proof. [Sil09, Proposition III.1.4].
Since an elliptic curve is isomorphic to its Jacobian, there is a natural
abelian group structure with an identity element at infinity. (cf. [Sil09, Propo-
sition III.3.4]) Let us define a morphism in the category of elliptic curves.
Definition. An isogeny between algebraic groups is a morphism which is a
surjective and has a finite kernel.
When the algebraic groups are elliptic curves, a map is an isogeny if and
only if it is regular and preserves identity. The only if part is trivial, and the
converse is deduced by following two theorems:
Theorem 2.3. A morphism between two projective nonsingular curves is sur-
jective, or a constant.
Proof. [Har, Proposition II.6.8].
Theorem 2.4. A regular map between elliptic curves which preserves identity,
also preserves the additive structure.
Proof. [Sil09, Theorem III.4.8].
A simple example of an isogeny is a multiplication by n, which maps a point
P ∈ E to nP = P + · · · + P ∈ E. (cf. [Sil09, Proposition III.3.6]). Therefore,
there is a natural inclusion Z −→ EndE. This map is usually surjective. Unless,
we say that an elliptic curve E has complex multiplication.
The theorem of Mordell, which was generalized by Weil, shows that the
rational points of elliptic curves form a finitely generated abelian group.
Theorem 2.5. Let E be an elliptic curve over a field K. Then, there is a
group structure on the set of K-rational points of E. Moreover, this group is
a finitely generated abelian group.
Proof. [Sil09, Chapter VIII].
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An abelian group of a K-rational points of E is usually denoted by E(K),
and called a Mordell–Weil group of E over K. The notations E(K)tors, rE
indicate the torsion subgroup, and the rank of E(K), respectively. When the
base field is the set of rational numbers, the result of Mazur [Maz77] showed
that there are only 15 groups which is a torsion subgroup of E(Q). In practice,
the theorem of Nagell–Lutz effectively computes the torsion subgroup of E(K).
Hence in the view of Diophantine equation, the hardest part is computing the
rank of Mordell–Weil group. We will introduce the effective way to calculate
the upper bound of rank of the Mordell–Weil groups.
Let K be a field, v be a place of K, H1(GK , ·) be a first cohomology of
Galois module (·), and locv be a localization map induced by a fixed embedding
i : K −→ Kv.
Definition. For a prime number p, the p-Selmer group of an elliptic curve E

























1(GKv , E)[p] // 0
We define a Shafarevich–Tate group of an elliptic curve over number field K,
denoted by X(E/K), as a kernel of




A part of Birch–Swinnerton-Dyer conjecture predicts that the X(E/K)
is finite for all elliptic curves and the number field K. The result of Rubin
[Rub87] and Kolybagin [Kol89] handle some cases, however, for general cases
it remains open. On the other hand, the finiteness of Selmer groups is relative
elementary.
Theorem 2.6. For all elliptic curves E/K and prime p, the p-Selmer group
Selp(E/K) is finite.
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Proof. [Sil09, Theorem X.4.2].
The theory of descent effectively calculates the size of Selmer groups of an
elliptic curve. (cf. [Sto]) By the exact sequence in the above definition,
0 −→ E(K)
pE(K)
−→ Selp(E/K) −→X(E/K)[p] −→ 0
is exact. Therefore, the Fp-dimension of Selmer groups gives an upper bound
of the rank of the weak Mordell–Weil group of elliptic curves.
To study a Selmer group of an elliptic curve, it is essential to study an
elliptic curve over local fields Kv since in the diagram in Definition 2.2, there
are cohomology groups of an elliptic curve over local fields. Let OKv be a ring
of integer of local field Kv, π be a uniformizer of OKv , and kv be a residue field
OKv/πOKv . We also assume that kv is always finite.
When we choose a minimal Weierstrass equation of elliptic curves, the
natural reduction map OKv −→ kv induces a reduction map on the elliptic
curve
E −→ Ẽ.
Note that Ẽ a curve defined over kv is possibly singular. When Ẽ is singular,
the non-singular part of Ẽ which is denoted by Ẽns forms an abelian group.
(cf. [Sil09, Proposition 2.5])
Definition. Let E be an elliptic curve over a local field Kv, and Ẽ be a
reduction modulo π of a minimal Weierstrass equation of E. Then, we define
E0(Kv) =
{




P ∈ E(Kv) : P̃ = O
}
.
Definition. (a) E has good reduction at v if Ẽ is nonsingular over kv.
(b) E has split multiplicative reduction if Ẽ has a node, and the slopes of
the tangent lines at the node are in kv.
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(c) E has non split multiplicative reduction if Ẽ has a node, and one of the
slopes of the tangent lines at the node is not in kv.
(d) E has additive reduction at v if Ẽ has a cusp.
The rank of Mordell–Weil group is sometimes called an “algebraic rank” of
the elliptic curve, since the Mordell–Weil group is an algebraic object related
to an elliptic curve. On the other hand, there is a notion of the analytic rank
of the elliptic curves. We first introduce an analytic object related to elliptic
curves.

















where ap(E) = p + 1 − #Ẽ(Fp), #Ẽ(Fp) the number of Fp-point of Ẽ, ∆E,1
a product of primes of which E has split multiplicative reduction, and ∆E,2 a
product of primes of non split multiplicative reduction.
There are natural questions to the L-function - about convergency, ana-
lytic continuation, and functional equations. When the base field is the ratio-
nal number, the modularity theorem, which was first proved by [Wil95] for
semistable elliptic curves and by [BCDT01] for all elliptic curves, shows that
an L-function of an elliptic curves coincides to an L-function of a modular
form fE. Therefore it has an analytic continuation and a functional equation.
For a general number field K, there is an automorphic conjecture, which claims
that an L-function of an elliptic curve over K agrees with an L-function of a
cuspical automorphic representation of GL2 up to normalization. It is proved
for the real quadratic extensions, in [FHS15].
When E is defined over Q, we write a functional equation concretely. Let
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Proposition 2.7. Let E be an elliptic curve defined over Q. Then, a function
Λ(s, E) = N
s/2
E (2π)
−sΓ(s)L(s, E) has a functional equation
Λ(s, E) = ωEΛ(2− s, E),
where ωE ∈ {±1} which is called the root number of E.
Proof. By the modularity theorem over Q [BCDT01] and [Kob, p.142, Weil’s
theorem].
The order of zero of L(s, E) at s = 1 is called the analytic rank of E. A
part of Birch and Swinnerton-Dyer conjecture claims that
rE = ords=1 L(s, E).
There are various results of this conjecture, when the rank of E is equal or less
than one. Gross and Zagier [GZ86] show that when an analytic rank of E is
one, an algebraic rank of E is at least one. Kolyvagins [Kol89] strengthens this
result. He shows that if the analytic rank of E is zero or one, then the algebraic
rank is also zero or one. However, there is no one example of elliptic curve E
satisfying Birch and Swinnerton-Dyer conjecture and rank(E(K)) ≥ 2.
By Proposition 2.7, the parity of root number of E is equal to the parity
of the order of zero of the L-function. In other words, ωE = (−1)ords=1L(s,E).
We get the following another conjecture, which is weaker than the Birch and
Swinnerton-Dyer conjecture.
Conjecture 2.8 (Parity conjecture). Let E be an elliptic curve and rE be its
rank. Then a parity of rank of E is equal to ωE ∈ {±1}, a root number of E.
In other words,
(−1)rE = ωE.
In some cases, an explicit calculation of the root numbers are already
known. (cf. [BS66], [Con94].) A part of the Birch and Swinnerton-Dyer con-
jecture, which is the finiteness of the Shafarevich–Tate group of elliptic curves
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implies that the parity conjecture. It is proved by Dokchitser and Dokchitser
[DD11].
We will study how the calculation of root number can be used for the
existence of the rational point under the parity conjecture. If one can prove
that the root number of certain elliptic curves with a trivial torsion subgroup
is -1, then under the parity conjecture this elliptic curve have a rational point.
Similarly if an elliptic curve with root number +1 has at least one rational
point which is not a torsion point, then its rank is at least two. This idea will
be used in Chapter 5.
Chapter 3
Exceptional set of Goldbach’s
problem
3.1 Main theorem
One of the prominent problems in additive number theory is Goldbach con-
jecture. The main strategy for this problem is a circle method, which was
first studied by Hardy and Littlewood. Vinogradov proved weak Goldbach’s
conjecture for large odd numbers in [Vin37]. This method also established
that almost all even integers satisfy Goldbach’s conjecture. Subsequent results
studied more sharper estimates for the exceptional set of strong Goldbach’s
conjecture, like [MV75].
In [BKW00], the authors prove a quantitative strengthening of a theorem
of Perelli [Per96]. Let f(x) ∈ Z[x] be a polynomial of degree k with a positive
leading coefficient, and S(N, f) be the number of natural numbers 1 ≤ n ≤ N ,
for which the equation
2f(n) = p1 + p2
does not have a solution in prime p1 and p2. Then, the authors showed that
13
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We consider a linear type generalization of Goldbach’s problem under the
restriction of residue classes on primes. In other words, we want to show that
almost all elements of the polynomial sequence {f(n)}n∈N can be represented
by
2f(n) = Ap1 +Bp2, for p1 ≡ i, p2 ≡ j (mod g).
Unfortunately, this analogue of Theorem 3.1 does not hold for all integers
A,B, i, j, since if there is a congruence relation among f , A and B modulo g,
then an exceptional set could be a whole set of natural numbers. For example,
when f(x) = 3x, A = B = i = j = 1, and g = 3,
6n = p+ q, for p, q ≡ 1 (mod 3)
does not have an integer solution. In this case the exceptional set is a set of
natural numbers, so it is not less than N1−ε for any real ε. Therefore, for the
generalization of Theorem 3.1, we need certain reasonable conditions on the
f , A, B, i and j, modulo g.
Theorem 3.2. Let f(x) ∈ Z[x] be a polynomial which has a positive leading
coefficient with degree k. Let A,B be relatively prime odd integers and i, j
positive integers with 0 < i, j < g and (i, g) = (j, g) = 1. Suppose that there is
at least one integer m such that
2f(m) ≡ Ai+Bj (mod g) and (AB, 2f(m)) = 1.
Let SABijk (N, f) be the number of positive integers n ∈ [1, N ] with 2f(n) ≡ Ai+
Bj (mod g) and (AB, 2f(n)) = 1 for which the equation 2f(n) = Ap1 + Bp2
has no solution in primes p1 ≡ i, p2 ≡ j (mod g). Then there is an absolute
constant c > 0 such that
SABijk (N, f)f N
1− c
k .
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Now we briefly explain why this theorem is a generalization of Theorem
3.1. Especially when A = B = 1,






which shows that Theorem 3.2 gives Theorem 3.1. In this sense Theorem 3.2
is a generalization of Theorem 3.1, which is a result on an exceptional set of
Goldbach conjecture.
By Theorem 3.2, one can directly prove that there are infinitely many
integers n such that
2f(n) = Ap1 +Bp2,
for some primes p1 ≡ i and p2 ≡ j (mod g) under the same conditions on
A,B, i and g.
In the rest of this chapter, we use following notations: let N be a large
positive integer, δ be a sufficiently small positive real number to be chosen
later,X = 2f(N), P = X6δ, Q = X/P and κ = 2−
1







where e(αp) = e2παpi and the summation is over primes p with P < p ≤ X





and rABij(n) = rABij(n; [0, 1]). Then rABij(2f(n)) counts the number of solu-
tions of the equation 2f(n) = Ap1 + Bp2 in primes p1 ≡ i, p2 ≡ j (mod g)















and m ⊂ [0, 1] the minor arc defined by
m = [0, 1] \M.
3.2 Minor arc
The goal of this section is to evaluate a sum of rABij(n;m)’s. We first note
that the orthogonality relation of characters simplifies the sum Si(Aα). Let χ
be a Dirichlet character of modulus g. The orthogonality relations of Dirichlet
characters are ∑
χ
χ̄(i)χ(p) = ϕ(g)δ(i, p),
where the sum is over all Dirichlet characters of modulus g, and
δ(i, p) =
{
1 if p ≡ i (mod g),

















This sum was first studied by [BP85], but we refine the proof of [IK, Theorem
13.6].
Lemma 3.3. Let A, g be integers. Suppose that there exist a, q such that
(a, q) = 1, q ≤ X and
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Proof. We define the von Mangoldt function and its refinement, by
Λ(n) =
{







































Note that [IK, Proposition 13.4] with some modifications, we know that for all
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+ q) log qX, (3.5)















































































































 (M + X
q
+ q)(log qX) logX. ∵ (3.5)
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 (MN + AX
q
+ q)(log 2qAX) logMN ∵ (3.5)
 (MN + X
q
+ q) log qX logMN.










































































+ q) log qX · logX,










which prove the lemma.
Using this upper bound and the proof of [BKW00, Lemma 1], we have the
following same result for rABij(m) on minor arcs;





Proof. We can observe that for all natural number l, rABij(l,m) is real. Define
η(l) =
{































Since α is an element of minor arc, by Theorem 2.1 q is greater than P . Along













2 )(logX)3  X1−3δ(logX)3.
This implies that the bound of the first multiplier of (3.7) is [X1−3δ(logX)3]2.







log p log q  X logX,
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where the last inequality is followed by
∑
p≤X log p X.
For the third multiplier, we can use the asymptotic of [BKW00, p.120] since










We first introduce some classical facts about the zeros of Dirichlet L-functions.
If χ is a primitive Dirichlet character of modulus q ≤ P , then there exists C > 0
such that
L(s, χ) 6= 0 for s ≥ 1− C
logP
with the only one possible exception χ̃. If it exists, then we call it the excep-
tional character. Denote a modulus of exceptional character as r̃ and a zero of




≤ 1− β̃ ≤ C
logP
.









where Λ(n) is the von Mangoldt function. As in the previous section, by the
orthogonality relations of Dirichlet characters, we have













χ̄′(i)ψ(x, χ · χ′),
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where χ′ varies in the set of Dirichlet characters of modulus g and χ · χ′(n) =
χ(n)χ′(n). From the proof of [Gal70, Theorem 7], we have for q ≤ T ≤ x 12 ,




































where ρ = β + γi varies in the set of zeros of L(s, χ · χ′) with 0 ≤ Re(ρ) ≤ 1,
|Im(ρ)| ≤ T and
∑∗ denotes that the sum is taken over all primitive Dirichlet
characters of modulus q. From the proof of [Gal70, Theorem 7], additional com-
putations and the argument below [MV75, Lemma 4.3], we have the following
modification of [MV75, Lemma 4.3], which was first proved in [AK87];

















∣∣∣∣ exp(−c1 logNlogP ) (3.8)
provided exp(log
1
2 N) ≤ P ≤ N c2. Here
∑





















where β̃ is the (unique) exceptional zero of L(s, χ̃). If the exceptional character
occurs, the right hand side of (3.8) may be reduced by a factor of (1− β̃) logP .
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where the last one is defined only if there is an exceptional character.
Let χ0 be the principal character modulo q. Define
Wi(χ, η) =

Si(χ, η)− Ti(η) if χ = χ0,
Si(χ, η)− T̃i(η) if χ = χ̃χ0,
Si(χ, η) otherwise.
Suppose that a Dirichlet character χ (mod q) is induced by a primitive char-













The following proposition is a modification of [MV75, (7.1) and (7.1̃)];







and if the exceptional character occurs,
WAi  X
1
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Proof. Applying [MV75, Lemma 4.2] to the real numbers
un =
{
χ(p) log p if n = Ap, P < p ≤ X, p ≡ i (mod g),
0 otherwise,
we get



























Then using the above modification of [MV75, Lemma 4.3], we have the propo-
sition.
For α ∈ M(q, a) we write α = a
q
+ η for (a, q) = 1, − 1
qQ
≤ η < 1
qQ
and






Gaussian sum. For integers C,D ∈ {A,B, q, n, 2f(n)}, we define CD = C(C,D) .










where the sum is over all Dirichlet characters χ of modulus qA, unless there is





on the right hand side of (3.9).
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for all n ∈ (κN,N ] with 2f(n) ≡ Ai+ Bj (mod 9) and (AB, 2f(n)) = 1 with
the possible exception of O(N1+εY −1) values of n.
Proof. First we assume that there is no exceptional character. Let n ∈ (κN,N ]




j (η) = Ti(Aη)Tj(Bη)e(−2f(n)η),
tAi w
B




i (η) = Tj(Bη)Wi(χ,Aη)e(−2f(n)η),
wAi w
B
j (η) = Wi(χ,Aη)Wj(χ
′, Bη)e(−2f(n)η),










































































) (We remark that
h goes from 1 to q though the modulus of ∗ is a divisor of q.).
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Now we consider the term (3.11). Assume harmless conditions qQ > 2gA and


































































































































Using the above estimations for the integral in (3.11) and arguments for [MV75,











Finally, combining the above bounds for (3.12), (3.13), (3.14) and the above



































and by [BKW00, (15)]
SA,B(2f(n)) = cA,BS1,1(2f(n)) ≥ cA,B
2f(n)
ϕ(2f(n))
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for a constant cA,B depending only on A, B. From the above modification





6δ . If we choose a sufficiently small positive real number δ, then
rABij(2f(n);M) ≥ ( cA,B93A2B − c4)S(2f(n))(2f(n)). This implies that
rABij(2f(n);M) X.
Next we assume that there is the exceptional character. Let n ∈ (κN,N ] be




j (η) = T̃i(Aη)T̃j(Bη)e(−2f(n)η),
tAi t̃
B
j (η) = Ti(Aη)T̃j(Bη)e(−2f(n)η),
t̃Ai t
B
j (η) = T̃i(Aη)Tj(Bη)e(−2f(n)η),
t̃Ai w
B




i (η) = T̃j(Bη)Wi(χ,Aη)e(−2f(n)η),
where χ and χ′ are characters of modulus of qA and qB, respectively. Then we
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Now we consider the first three terms (3.16), (3.17), (3.18). For the integral











































































































Using the arguments for [MV, (6.19), (6.1̃6)], we have















χ̃(AqBq)cq(−n). Since A, B and 2f(n)
are pairwise relatively prime and one of the Gaussian sums in S̃A,B(n) vanishes

















Finally, combining all the above estimations, we have the following modi-
































) r̃ · 2f(n)
ϕ(r̃)2ϕ(2f(n))
= o(1),
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so using arguments in [MV75, Section 8] and the above modification of [MV75,














using arguments in [BKW00, p.122–123], we have that if 1 < (2f(n), r̃) ≤ Y ,
rABij(2f(n);M)
{
X if P 6= ∅,
XY −
1
2 (logX)−1 if P = ∅,
where P is the set of primes in the products of (3.22). Finally there are at
most O(N1+εY −1) possible exceptions n with (2f(n), r̃) > Y .
Proof of Theorem 3.2. It is follows from Proposition 3.6, Proposition 3.7 and
the proof of [BKW00, Theorem 1]. In general, if
N∑
k=1
ak  A, then ak  AN





ak exceptions. By Proposition 3.6
∑
κN<n≤N
|rABij (2f(n),m)|  XN1−
a
k ,
we get r(2f(n);m)  XY −1 with at most E1 possible exceptions where Y =








|rABij (2f(n),m)|  NY −1.
By the way Proposition 3.7 tells us r(2f(n),M)  XY − 12 (logX)−1 with at
most O(N1+εY −1) exceptions. Therefore
r(2f(n)) = r(2f(n),m) + r(2f(n),M) > 0
with at most O(N1−τ/k+ε) exceptions.
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We note that if there is at least one integer m such that 2f(m) ≡ Ai+Bj
(mod g) and (AB, 2f(m)) = 1, the set of n ∈ (κN,N ] with 2f(n) ≡ Ai + Bj
(mod g) and (AB, 2f(n)) = 1 has a positive density in the set of n ∈ (κN,N ].
Chapter 4
Sum of two rational cubes
4.1 Previous results and Main theorem
We start with a classical question: which integers can be represented by a sum
of two rational cubes? In the view of Diophantine equations, this question
exactly asks that for which integer n there is a rational point in the projective
curve
x3 + y3 = nz3.
One can easily notice that this curve has a structure of the elliptic curves, and
its Weierstrass equation is
y2 = x3 − 432n2.
In this chapter, we denote this elliptic curve by En. We will show that the
root number wn of the elliptic curve En is −1 if n is equivalent to 4, 6, 7, or 8
modulo 9. (Lemma 4.5) Hence under the parity conjecture, such integers can
be represented by a sum of two rational cubes.
There are some results which show that for some n ≡ 4, 7, 8 (mod 9) are
sums of two rational cubes without assuming the parity conjecture. In [Sat87],
Satgé proved that n = 2p, where p is a prime congruent to 2 modulo 9, and also
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n = 2p2, where p is a prime congruent to 5 modulo 9, are sums of two rational
cubes. Coward [Cow00] proved that n = 25p, where p is a prime congruent to
2 modulo 9, and also n = 25p2, where p is a prime congruent to 5 modulo 9,
are sums of two rational cubes. In [DV09], Dasgupta and Voight proved that
if p is a prime congruent to 4 or 7 modulo 9 and 3 is not a cube mod p, then
p is a sum of two rational cubes.
Note in all cases the root number of corresponding elliptic curves is −1, and
the number of the prime factor of n is less than 2. We will show that there are
infinitely many integers n which is a sum of two rational cubes, has arbitrary
large number of prime divisors, and has arbitrary root number.
Theorem 4.1. For any given integer k ≥ 2 and e ∈ {1,−1}, there are in-
finitely many cube-free integers (in fact, square-free integers) n having exactly
k prime divisors such that n is a sum of two rational cubes and wn = e.
In [Tia14], Tian has shown that for any given integer k ≥ 1, there are
infinitely many square-free positive integers m such that m is a congruent
number and the corresponding elliptic curve E : y2 = x3 −m2x has the root
number −1. So Theorem 4.1 for the case wn = −1 is a cubic analogue of the
work of Tian.
On the other hand, Coates and Wiles [CW77] proved that if n is a sum
of two rational cubes, than the analytic rank of En is greater than zero. So
we immediately have the following corollary from Theorem 4.1 for the case
wn = 1.
Corollary 4.2. For any given integer k ≥ 2, there are infinitely many cube-
free integers n having exactly k prime divisors such that the analytic rank of
En is at least 2.
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4.2 Some properties of En
In this section, we will prove some properties of the elliptic curve En, given
by an equation x3 + y3 = nz3 or a Weierstrass equation y2 = x3 − 432n2. We
assume that n is a cube-free integer, since the elliptic curve Enm3 is isomorphic
to En as a GQ-module.
Lemma 4.3. When n is a cube-free integer, the torsion subgroup of Mordell–
Weil group of En(Q) is trivial if n 6= ±1 and n 6= ±2, and Z/3Z if n = ±1 or
n = ±2.
Proof. By Nagell-Lutz theorem. [Sil09, Exercises 10.19].
In [Mai93, Lemma 2.1], Mai proves the following lemma.











for some a, b ∈ Z.
Proof. Let (X, Y ) be an integral point of a Weierstrass equation of En : y2 =









When an ideal p of OQ(√−3) divides (Y + 12m
√
















−3 = u(a+ b
√
−3)3
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Conversely, when n is one of above form, there is an integral point on En,
namely





Lemma 4.5. Let n > 0 be a square-free integer. Then
wn =
{
+1 if n ≡ 1, 2, 3 or 5 (mod 9)
−1 if n ≡ 4, 6, 7 or 8 (mod 9).








where α = 0 or 1 and pi, qj are distinct primes. Let an be the number of qj ≡ 2
(mod 3). Then the computation of local root number wn(p) of En in [BS66]
gives the following condition: for the prime number p 6= 3,
wn(p) =
{
−1 if p | n, and p ≡ 2 (mod 3),
+1 otherwise,
and for p = 3,
wn(3) =
{
+1 if n ≡ ±1,±3 (mod 9)
−1 otherwise.





we can prove this lemma. For example when n ≡ 1 (mod 9), an is even and
wn(3) = +1 which shows that wn = 1 if n ≡ 1 (mod 9). The other cases can
be proved in the same way.
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4.3 Proof of the first application
The following proposition is a main tool to prove Theorem 4.1.
Proposition 4.6. For any given k ≥ 2 and r ∈ {1, 2, 4, 5, 7, 8}, there are
infinitely many square-free integers n > 0 having exactly k prime divisors such
that n is a sum of two rational cubes and n ≡ r (mod 9). For r ∈ {3, 6}, the
same statement holds for k ≥ 3.
Proof. By Lemma 4.4, we know that for nonzero a, b ∈ Z, 16b6 − a2 is a sum







pi, for fixed primes pi ≡ 1 (mod 9), B = 27,
where l ≥ 0 is a fixed integer (if l = 0, then A = 1).
We note that b3 ≡ 0 or ±1 (mod 9) for any integer b. Since there is an
integer b such that 8b3 ≡ 8A + 8B (mod 9) and (AB, 8b3) = 1, Theorem 3.2





for some primes p ≡ 8 and q ≡ 8 (mod 9). If p = q, then 8b3 = Ap + 27p, so
8p2c3 = A + 27 for some positive integer c. Thus there are only finitely many
p, q such that p = q and we may assume p 6= q.
Let a = Ap−Bq
2
∈ Z. Then 16b6 − a2 = ABpq = 27Apq is a sum of two
rational cubes having exactly (l+ 3) prime divisors because p, q - A,B. Hence
Apq is a square-free integer having exactly (l+2) prime divisors such that Apq
is sum of two rational cubes and Apq ≡ 1 (mod 9). This proves the theorem
for the case of r = 1. If we set q ≡ 7, 5, 4 and 2 (mod 9), then the theorem for
the cases of r = 2, 4, 5, and 7 follows.




pi, for fixed primes p1 ≡ 2, p2, · · · , pl ≡ 1 (mod 9), B = 27
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and let p, q be primes such that p ≡ 5, q ≡ 8 (mod 9). For the case r = 8 and
k = 2, set
A = 1, B = 27
and let p, q be primes such that p ≡ 8, q ≡ 1 (mod 9). Then the theorem for
the case r = 8 follows.




pi, for fixed primes pi ≡ 1 (mod 9), B = 81,
where l ≥ 0 is a fixed integer (if l = 0, then A = 1) and let p, q be primes
such that p ≡ 8, q ≡ 8 (mod 9) Then 3Apq is a square-free integer having
exactly (l+ 3) prime divisors such that 3Apq is sum of two rational cubes and
3Apq ≡ 3 (mod 9). This proves the theorem for the case of r = 3. Finally, if
we set q ≡ 7 (mod 9), then the theorem for the case r = 6 follows and the
proof of the theorem is completed.
Proof of Theorem 4.1. Lemma 4.5 and Proposition 4.6 for the case r = 4, 7, 8
implies Theorem 4.1 for the case wn = −1. Lemma 4.5 and Proposition 4.6 for
the case r = 1, 2, 5 implies Theorem 4.1 for the case wn = 1.
Chapter 5
Ranks of family of elliptic curves
5.1 Mordell–Weil group of a family of elliptic
curves
For a small positive integer r, there are various results on the existence of
elliptic curves of rank greater than r, using specialization theorem of Néron
[Ner52]. (cf. [SS], and for concrete examples, [Mes98]) The highest record of
rank of the elliptic curve over Q is ≥ 28, due to Elkies. It means that there is an
elliptic curve over Q which has 28 independent points. The torsion subgroup
of this elliptic curves is trivial, so the natural question arise : which number n
can be a rank of elliptic curve with prescribed torsion subgroup? The current
records for this problem can be found in [Duj1]. We have to remark that in
general when the torsion group is larger, then the rank record will be small. As
we remarked when the torsion is trivial the record is 28, but when the torsion
subgroup is Z/12Z, the record is only 4 [Duj2].
There are also numerous results which construct an infinite family of elliptic
curves whose rank is at least r. The current record is ≥ 18 whose torsion
groups are all trivial, also due to Elkies. When the size of prescribed torsion
subgroups is larger, the rank records of a family of elliptic curves also decrease.
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For example, when the torsion subgroups are Z/12Z, the record is just 0. Note
that [Duj3] also introduces the current records for these problems.
On the other hand, some are interested in finding an elliptic curve with
exact rank r. The highest record, also due to Elkies, is 19. Bober [Bob11]
shows that there is an elliptic curve with rank 20, 21, 22, 23, 24 under the
generalized Riemann Hypothesis and Birch–Swinnerton-Dyer conjecture, and
in [KSW16] the authors showed that there is an elliptic curve with rank 27,
and 28 under the generalized Riemann Hypothesis.
However less is known for the existence of an infinite family of elliptic curves
of rank exactly r. The only known r’s are 0 and 1. For example in [BJK09],
authors constructed infinitely many elliptic curves of rank exactly one. On the
other hand, in [Mai93] Mai proves that under the parity conjecture, and if p
and q are two primes such that p − q = 24, then the elliptic curves defined
by an equation x3 + y3 = 3pq have rank exactly two. However, we don’t know
that there are infinitely many such primes, though the celebrated work [Zha14]
made a breakthrough.
In this chapter, we will show that the second condition of [Mai93] is not
necessary, with the aid of Theorem 3.2. The main theorem of this chapter is
following:
Theorem 5.1. Assume the parity conjecture. Then, there are infinitely many
elliptic curves whose Mordell–Weil group is exactly Z× Z.
5.2 Proof of the second application
As we did in Chapter 4, we call En by an elliptic curve defined by equation
x3 +y3 = nz3. Define n′ = −27n if 27 does not divide n, and −n/27 otherwise.
















), if 27 | k.
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We will calculate a Selmer group of elliptic curve En and isogeny λ, which is
denoted by Selλ(En/Q). (cf. Chapter 2.) We also define λ′ be a dual isogeny








be the prime decomposition of n such that pi ≡ 1 (mod 3) and qj ≡ 2 (mod 3),
from [Sat86, Théorème 2.9], we have the following proposition.
Proposition 5.2. If n ≡ ±1 (mod 9), pi ≡ 1 (mod 9) for all i, rj ≡ −1
(mod 9) for all j, and for all i = 1, · · · , a, lk for k = 1, · · · , i− 1, i+ 1, · · · , a
and rj for j = 1, · · · , c are cubes modulo li, then Selλ(En/Q) ∼= (Z/3Z)a+c and
Selλ′(E−27n/Q) ∼= (Z/3Z)a+1.
Proof of Theorem 5.1. As in the proof of Proposition 4.6, we can construct
elliptic curves whose rank is at least 1. By Lemma 4.4, an elliptic curve E16b6−a2
has a rational point for some integer a and b. Theorem 3.2 shows that there
are infinitely many integer b such that
8b3 = p+ 27q
for prime p, q ≡ 1 (mod 9). When we define a = p− 27q, then
16b6 − a2 = (8b3 + a)(8b3 − a) = 27pq.
Since En and E27n are isomorphic, E16b6−a2 = E27pq and Epq have a nontrivial
rational point. By Lemma 4.3 the rank of Epq is at least 1, and by Lemma 4.5
the root number ωpq is +1. So the parity conjecture implies that the rank of
Epq(Q) is at least 2. Since pq > 17, Epq(Q) has no torsion points.

















−→ Selλ(Epq/Q) −→X(Epq/Q)[λ] −→ 0,
0 −→ Epq(Q)
λ′(Epq′(Q))









≤ dimF3 Selλ(Epq/Q) + dimF3 Selλ′(Epq′/Q)− 1.
Here we may assume p 6= q for p, q since there is no b, p which satisfy 8b3 = 28p.
By Proposition 5.2, we have
Selλ(Epq/Q) ∼= (Z/3Z)2, Selλ′(Epq′/Q) ∼= (Z/3Z),
so the rank of Epq(Q) is at most 2, which proves Theorem 5.1.
We hope that we can prove the existence of infinitely many elliptic curves E
whose Mordell–Weil groups are Z×Z×T for some possible non-trivial torsion
subgroups T , (cf. [Maz77]) in the near future.
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국문초록
이 논문에서는 타원 곡선의 정수점을 찾는 새로운 방법을 소개하고자 한다.
핵심적인 아이디어는 일차 다항식 형태로 일반화된 골드바흐 추측을 만족하지
않는 집합의 크기에 관한 이론을 공부하는 것으로 삼차꼬임이라고 불리우는
특정한 형태의 타원 곡선의 정수점을 찾을 수 있다는 것이다.
먼저이전의연구결과를확장시켜,특정한일차식형태로일반화된골드바흐
추측을 만족하지 않는 정수의 집합이 크지 않다는 것을 보인다. 그리고 이것이
어떻게 삼차꼬임 형태의 타원곡선의 정수점의 존재성을 보여주는지 설명한 뒤,
두 가지 응용을 보일 것이다. 첫 번째는 두 세제곱 유리수의 합으로 나타나면
서 임의의 숫자의 소인수를 가지는 정수들이 무한히 많다는 것이고, 두 번째
는 모델–베유 군이 정확하게 Z × Z인 타원곡선이 무한히 많다는 것을 parity
conjecture를 가정하면 증명할 수 있다는 것이다.
주요어휘: 타원곡선, 삼차꼬임, 모델–베유 군, 골드바흐 추측, 원 방법.
학번: 2012-20255

